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Abstract 

A proof that the set of real numbers is denumerable is given. 



1 Introduction 



Each real number of the interval [0, 1] can be represented by an infinite path in a given binary 
tree. In Section ^ the binary tree is projected on a grid N x N and it is shown that the set of 
the infinite paths corresponds one-to-one to the set N. The Theorems and 2.2 give the first 
proof and the Theorem 2.3 provides a second proof. 

Section |j examines the Cantor's proof of 1891. The Section shows that (i) if the diagonal 
method is correct, then any denumerable list L to which the diagonal method was applied is 
incomplete (Theorem 3.1), (ii) if some complete list exists and if the diagonal method is correct, 



then a complete list cannot be represented in the form used in Cantor's proof (Theorem |3.2| ) 
and (iii) being L incomplete nothing affi rms or denies that \N\ is the cardinality of the set of real 
numbers of the interval [0, 1] (Theorem 3.3). 

Sections ^ and ||] mean that (i) there is the list, denoted by Lh, such that it contains all 
members of N and all members of F and to each member of F of the list corresponds one-to-one 
a member of N of the list and (ii) if the diagonal method used in Cantor's 1891 proof IB] is valid, 
then Lh has a different form of the form of the list L used by Cantor. In Section [|we try to 
show that Ljj has the same form as L. 



2 The proof of \F\= \N\ 

Theorem 2.1 Let B be a binary tree such that every node has two children and its depth is equal 
to \N\. Let A be the set of the nodes of the binary tree B. The cardinality of A is less than or equal 
to \N\. 

Proof: 

Let us now consider the Figure 1. The horizontal sequence of finite natural numbers, presented 
in increasing order from left to right, contains all numbers of N; to each natural number of the 
sequence corresponds a vertical line. The vertical sequence of numbers, presented in increasing 
order from top to bottom, contains all numbers of N; to each natural number of the sequence 
corresponds a horizontal line. To each node of the grid formed by the horizontal and vertical lines 
corresponds a pair (m, n), where m belongs to the horizontal sequence of numbers and n belongs 
to the vertical sequence of numbers. 
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Figure 1 

Let us project the binary tree B on the grid of the Figure 1 in the following way: to the root of 
the tree corresponds the pair (0, 0); to the 2 nodes of the level 1 correspond the pairs (0, 1) and 
(1, 0); to the 4 nodes of the level 2 correspond the pairs (0, 3), (1, 2), (2, 1) and (3, 0); to the 8 
nodes of the level 3 correspond the pairs (0, 7), (1, 6), (2,5), (3, 4), (4, 3), (5, 2), (6, 1) and (7, 0) 
and to the 2 k nodes of the level k correspond the pairs 

(0,2 fe -l),(l,2 fc -2),(2,2 fe -3),... ,(2 fe -3,2),(2 fe -2,l) and (2 fc -l,0) (1) 

The Figure 2 shows the binary tree B up to the depth 4. The Figure 3 shows the projection of the 
binary tree up to the depth 3 on the grid of the Figure 1. 




1 2 3 4 

Figure 2 
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Figure 3 

It is known that the bijection / : N — > N x N, where N is the set of finite natural numbers, 
can be defined applying the diagonal method. 
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Figure 4 

The Figure 4 shows how starting from the pair (0, 0) and following the thick line we can establish 
the one-to-one correspondence between the set of the pairs (m, n) and N, this is, 

(0,0) (1,0) (0,1) (0,2) (1,1) (2,0) (3,0) ... 
I I I I I I I (2) 

1 2 3 4 5 6 ... 

Considering that to any node of the binary tree corresponds a node of the grid and that there are 
nodes in the grid without corresponding nodes in the binary tree, we conclude that 

\A\< \N\ (3) 
Theorem 2.2 The cardinality of the set of real numbers of the interval [0, 1} is equal to \N\. 
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Proof: 

Let us denote by F the set of real numbers of the interval [0, 1]. Any element of F can be 
represented in the binary system by 

fx x 2- 1 + h x 2~ 2 + / 3 x2- 3 + / 4 x2- 4 + ... (4) 

where 

fi e {0, 1} and i S N and i ^ (5) 
The representation (||) can be simplified to 

./1/2/3/4/5 ... (6) 

where the first character of the sequence is the point. Each fi of (g) is substituted by or 1 to 
represent a given number. The i-th or 1 on the right of "." corresponds to /j. The set F can 
also be represented by a binary tree where each node has two children. Each infinite path on the 
binary tree, .q r \q r i . . . q T i ■ ■ ■ with depth equal to |iV| , represents an element of F. 

Let us denote by B the binary tree above mentioned; by Bi the binary tree of depth i; by P 
the set of all paths starting from the root of B\ by Pj the set of all paths from the root of Bi to 
its leaves. Each element of Pi or P is the set of the nodes (except the root) that form the path. 
Let the set 



{Pl,P 2 ,... ,Pi,---} such that ieN (7) 

The set {Pi, P2, ■ ■ ■ ,Pi,} contains all paths from the root of the tree Bi and the endings of the 
paths that exist in {Pi,p2, . . . , Pj} are all the nodes of Bi, except the root. This indicates that 
the set in (fjj) - which corresponds to all the tree B - contains all paths of B. 

Let us consider the set of all infinite paths from the root of B 

Q = {qa,q/3,q 7 , ■ ■ ■ ,q r , ■ ■ ■ } (8) 

The infinite path q T can be represented by the set 

{<?t1,«t2, ■ ■ • ,qn, ■■■} (9) 
where q T i is the i-th node of q T after the root. Let 

Qt = {{qn}, {q T i, q T 2}, • ■ • , {?t1, q T 2, ■ ■ ■ , qn}, ■■■} (10) 
The union of all elements of Q T is equal to q T , that is, 

q T = {<7ri} U {<3Vi,<2V2} U ... U {q T i, q T 2, ■ ■ ■ , q T i} U ... (11) 
Considering (|ll|) we can obtain from (^) 

Q = {{q a i} U {q a i,q a 2} U ... U {q a i,q a 2, ■■■ ,q a i] U 
{qpi} U {qi3i,qp 2 } U ... U {qpi,qp2,... ,qpi} U 



{q T i} U {q T i,q T 2} U ... U {q T \, q r2 , . . . , q T i] U 



•} 



(12) 
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From (|l2l ) we have 



|<2|< \Uai} U {q a i,q a 2} U ... U {q a i,q a 2, ■ ■ ■ ,q a i} U ... 

U {?/3l} U {9/31,9/32} U ... U {<7/31,9/32, ■ ■ ■ ,<7/3i} U ... 

U {q T i} U {g T i,g T 2} U ... U {g T i, q T2 , . ■ ■ , q T i} U ... 

(13) 

Since the sets on the right side of ( fL3| ) with cardinality equal to i are the elements of P,-, that is, 

Pi = {q a l,q<x2,--- ,q<xi} U {g/31,9/32, ■ ■ ■ ,<373i} U {g T l,gr2, ■ ■ ■ jtf-ri} U... (14) 

we conclude that 

\Q\< \Pi\ + \Pi\ + \Pz\+ •■■ +\Pi\ +■■■ (15) 

The set of the nodes of B has cardinality less than or equal to |JV| (Theorem 2.1). Since the 
number of nodes in the level i of the tree Bi is equal to |P,-|, we have 

\N\> \P X \ + \P 2 \ + \P 3 \+ •■• +\Pi\ +■■■ (16) 

Therefore 

\Q\< \N\ (17) 
Considering the bijection / : F — > Q and \F\> \N\, we conclude 

\F\= \N\ (18) 

Theorem 2.3 The cardinal number of the set of infinite paths of the binary tree B is equal to \N\. 
Proof: 

Be the infinite path of Q 



5t1,9t2, ■ ■ ■ ,q T i, ■ ■ ■ (19) 

where q T i = 1 for all i 6 N, projected in the grid as shows the Figure 3. In the coordinates of the 
grid, the path ( ^9|) corresponds to the pairs 



(0, 0), (0, 1), (0, 3), (0, 7), (0, 15), . . . , (0, 2 k - 1), . . . (20) 

Let us notice that in (0, 0) all infinite paths begin. By the pair (0, 1) a part of all infinite paths 
passes, by (0, 3) a part of the infinite paths that passed by (0, 1) passes, by (0, 7) a part of the 
infinite paths that passed by (0, 3) passes and so forth. When an entire path is accomplished, the 



path exists. In the examined case, (19) is the accomplished path 
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Each pair (0, 2 fe — 1) of the sequence ((2^) belongs to the set of pairs given by (|l]), this is, 

(0,2 fc -l),(f,2 fc -2),(2,2 fe -3),... ,(2 fc -3,2),(2 fc -2,f) and (2 fe -l,0) (21) 

Let us denote by G^ the set of pairs given by ( |2l| ) for k. For any k the cardinal number of the 
set of infinite paths that passes by (0, 2 k — 1) is equal to the cardinal number of the set of infinite 
paths that pass by any other pair of (pl|). For any k the distance from (0, 0) to (0, 2 k — 1) in the 
grid is equal to \Gk\- When we examine the pairs of (pp|), from left to right, and we accomplished 
the path (|l9|) , Gk becomes the set of the infinite path whose cardinality is equal to the cardinality 
of the set of the nodes of the path ( |l9| ) . 

The cardinality of the set of the infinite paths is |F| and the cardinality of the set of nodes of 
any infinite path is |JV|. Therefore 

\F\= \N\ (22) 

3 The Cantor's Proof 

3.1 The 1891 proof 

Theorem. The set F is not countable. 

Proof. We assume that the set F is countable. This means, by the definition of 
countable sets, that F is finite or denumerable. Let us notice that |F| is not less than 
\N\. Be 

F = {a , ai,a2, . ■ . } 

where the cardinality of {ao, ai, a2, . . . } is \N\. We can write their decimal expansions 
as follows: 



ao 




0. 


di,i 


di,2 


di,3 


Ol 




0. 


d>2,i 


d2,2 


d2,3 


2 




0. 




^3,2 


03,3 



(23) 



where the d's are binary characters and 1. Now we define the number 

x = 0.did,2d3 . . . 

by selecting d\ ^ dx,x, ^2 ^ ^2,2, ^3 f= d^^, .... This gives a number not in the set 
{ao, Oi, a2, . . • }, but x £ F. Therefore, F is not countable. 

When ( p3| ) is represented as ( p4j ) bellow, the proof can be called the written list form of the Cantor's 
argument of 189 f 0. 

3.2 Comments 

Let us consider the set N, the set F of the real numbers of the interval [0, f] and the hypothesis 

(Hi) There is a list, denoted by Lh , that contains all members of N and all members 
of F and to each member of F of the list corresponds one-to-one a member of N of the 
list. 
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For Cantor's diagonal method to be applied, it is created a list L 








0. 


d\,i 


di,2 


di,3 


1 




0. 


d2,i 


di,2 


d2,3 


2 




0. 


d3,i 


d3,2 


d3,3 



(24) 



The diagonal method finds a member of F which is not in the list L and shows that the list cannot 
contain all members of F. The Cantor's proof supposes that the list L is the list of {Hi) and 
concludes that the list of (-Hi) does not exist. 

Theorem 3.1 below affirms that if the diagonal method is correct, then any denumerable list 
L to which the diagonal method has been applied is incomplete, this is, L does not contain all of 
real numbers of the interval [0, 1]. The Theorem [T^ affirms that if some complete list exists and 
if the diagonal method is correct, then a complete list cannot be represented in the form (p4|). The 
Theorem 3.3 affirms that being L incomplete nothing affirms or denies that |iV|. 



3.3 Theorems 

Theorem 3.1 If the diagonal method is correct, then any denumerable list L is incomplete. 



Proof: 

Suppose that the diagonal method is correct. Let us consider the list L in which it is presumed 
that the real numbers of the interval [0, 1] are put into one-to-one correspondence with the even 
natural numbers (0 included). We use the binary system for the real numbers. The list L, where 
any dij is either or f , is the following: 








0. 


di,i 


di.2 


di,3 


di,4 


2 




0. 


d2,\ 


d2.2 






4 




0. 


d3,i 


d3.2 


^3,3 


^3,4 


6 




0. 


di,i 


di y 2 


^4,3 


^4,4 



Be the real number O.di, 1^2,2^3,3^4, 4 •■ ■ • Let us consider the number 0.fcifc2fc3fc4 . . . , where 
kj 7^ dij for every j G iV. The number O-fciA^^Lt . . . belongs to the interval [0, 1] and it is not in 
(p5|). Therefore, the hypothesis that the list contains all of the real numbers of the interval [0, 1] 
is false. Let us include 0.fcifc2fc3fc4 ... in the list: 








0. 


di,i 


di.2 


di,3 


dl,4 


1 




0. 


ki 




fc 3 


A: 4 


2 




0. 


d 2 ,i 


d2.2 


^2,3 


^2,4 


4 




0. 


d3,i 


d3.2 


^3,3 


^3,4 


6 




0. 




di,2 


^4,3 


C?4,4 



(26) 



Starting from of the hypothesis that the set of all real numbers of the interval [0, 1] is in the 
list ( |2~5| ) and it has cardinality \N\, we showed that there are real numbers of the interval [0, 1] not 
included in the set of real numbers of (p5|). 

We can conclude that if the diagonal method is correct, then any denumerable list L is 
incomplete. 

Theorem 3.2 Be the list ( p7| ) such that (i) the column on the left contains the elements of N put 
from top to bottom in increasing order and (ii) the column on the right contains real numbers of 
the interval [0, 1], where rf^j £ {0,1}. The sets of the numbers of the column on the right are 
equivalent to N. 
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0. 


4,i 


do,2 


4,3 


4,4 


1 




0. 


di,\ 


di,2 


di,3 


4,4 


2 




0. 


4,i 


d2,2 


d2,3 


d2A 


3 




0. 


4,1 


d3,2 


4,3 


d3,4 



(27) 



If some complete list exists and if the diagonal method is correct, then a complete list cannot be 
represented in the form (pTj). 

Proof: 

Let us separate the list (^?j) in two lists so that all of the odd lines belong to one of the lists 
and the remaining lines belong to the second list. 



and 



and 








0. 
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4 




0. 
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4,4 
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0. 




4,2 


4,3 


4,4 


1 




0. 


di,i 
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3 




0. 
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4,3 
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4,3 


4,4 


{0,2,4,6, 




} and {1,3,5,7 


...} 


are e 


as 



















0. 


4,1 


4,2 


4,3 


4,4 


1 




0. 


4,i 


4,2 


4,3 


4,4 


2 




0. 


4,i 


4,2 


4,3 


4,4 


3 




0. 


4,i 


4,2 


4,3 


4,4 







0. 


4,1 


4,2 


4,3 


4,4 


1 




0. 


4,i 


4,2 


4,3 


4,4 


2 




0. 


4,i 


4,2 


4,3 


4,4 


3 




0. 


4,i 


4,2 


4,3 


4,4 



(28) 



(29) 



} are equivalent to N, we can rewrite 



(30) 



(31) 



The set of real numbers of ( |3C| ) and the set of real numbers of (31) are disjoint. Therefore, both 
( |30| ) and ( |3l| ) are incomplete, this is, any one of them does not contain all real numbers of the 
interval [0, 1]. 

We can apply the diagonal method to (|30|), for instance, and we obtain a real number that is 
not in (|30|). That is consistent because ( |30| ) is incomplete. 

There is uncertainty as to the completeness or not of (^7|) . Considering that the representation 
( p7|) has the same form of ( |30|) and ([H]), the application of the diagonal method to (|^) is to say 
that ([2?]) is incomplete. Concluding, if some complete list exists and if the diagonal method is 
correct, then a complete list cannot be represented in the form (|27|). 



Theorem 3.3 Being L incomplete nothing affirms or denies that \F\= \N\. 
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Proof: 

Suppose that the list L is the list Lh [Section |3.2| . In this case a proof that L does not 
contain all elements of F implies in (Hi) false. This also means that the one-to-one correspondence 
between N and F in a list cannot be done. If (Hi) is false, then L does not exist. However, L 
exists. Therefore, it is false the hypothesis that L is the list L^. Since U L is not Ljj" nothing 
affirms the existence or not of Lu, being L incomplete nothing affirms or denies that \F\= \N\. 

4 The list L H 

Let L be the list 








0. 


di,i 


di,2 


di,3 


1 




0. 




d2,2 


d2,3 


2 




0. 


ds,i 


ds,2 


d3,3 



(32) 



where the rf's are binary characters and 1. If the diagonal method is correct, then any denumerable 
list L is incomplete. This means - if the argumentation of Section is correct - that Lh has not 
the form ([32]). We would have then a very unusual form of list. 

Let us now consider the Figure 5. The horizontal sequence of finite natural numbers, presented 
in increasing order from left to right, contains all numbers of N; to each natural number of the 
sequence corresponds a column. The vertical sequence of numbers, presented in increasing order 
from top to bottom, contains all numbers of iV; to each natural number of the sequence corresponds 
a row. Each element of the matrix formed by the rows and columns is filled with or 1 in accordance 
with the procedure: The first row from left to right is filled from top to bottom with a succession 
of the pattern 01. The second row is filled with a succession of the pattern 0011. The n-th row 
from left to right is filled from top to bottom with a succession of the pattern constituted of 2"~ 1 
0's followed by 2"" 1 l's. 
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Figure 5 

Let us notice that (i) the rows of the sub-matrix formed by the 2* first rows and i first columns 
are the elements of Pi and (ii) all paths belonging to Pi are put into one-to-one correspondence 
with a number of the horizontal sequence of natural numbers. This means that the matrix contains 
the tree B and, consequently, the set Q. 

Let us consider that the matrix of Figure 5 contains all elements of Q. Let us apply the 
diagonal method shown in the Figure 6. In the figure the numbers of the vertical sequence of 
natural numbers follow the procedure: the number correspondent to i-th row is n — 1, where n is 
the number of elements of the matrix on the thick line from its beginning up to the first element 
of the z-th row. Let us notice that |Q| is less or equal to the number of elements of the matrix on 
the thick line. Since the set {0, 2, 3, 9, 10, 20, 21, . . . } has cardinality \N\, we conclude that the 
list Lh can be represented in the form (132 
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1 2 3 4 5 6 




Figure 6 
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